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We investigate the critical behavior of the two-dimensional spin-1 Baxter-Wu model in a crystal
field using entropic sampling simulations with the joint density of states. We obtain the temperature-
crystal field phase diagram, which includes a tetracritical line ending at a pentacritical point. A
finite-size scaling analysis of the maximum of the specific heat, while changing the crystal field
anisotropy, is used to obtain a precise location of the pentacritical point. Our results give the
critical temperature and crystal field as Tpc = 0.98030(10) and Dpc = 1.68288(62). We also detect
that at the first-order region of the phase diagram, the specific heat exhibits a double peak structure
as in the Schottky-like anomaly, which is associated with an order-disorder transition.
I. INTRODUCTION
The spin-1 Baxter-Wu (BW) model in a crystal field[1–
3] is a generalization of the original spin− 12 BWmodel[4–
7], which includes a crystal field anisotropic term D, in
addition to the three-spin interaction. The Hamiltonian
of the model considered here is
H = −J
∑
〈i,j,k〉
sisjsk +D
N∑
i
s2i , (1)
where the spin variables are located at the sites of a tri-
angular lattice and assume the values si = ±1, 0, J > 0 is
the ferromagnetic coupling constant that defines the en-
ergy scale, and D is the anisotropy due to the crystalline
field. The first sum extends over all triangular faces while
the second runs over all lattice sites. Note that, for the
spin- 12 case, the second term in Eq. 1 is just a constant.
The Hamiltonian in Eq. 1 resembles the Blume-Capel
(BC) model[8, 9] case, which is described by a phase dia-
gram that presents a line of continuous phase transitions
meeting a discontinuous one at a tricritical point.
In the thermodynamic limit, at zero temperature and
for D < 2, four ordered states are present in the ground
state, one ferromagnetic, (+ + +), and other three ferri-
magnetic phases: (+−−), (−−+) and (−+−), so that
the spin-1/2 BW model is recovered. For D > 2, the
state that minimizes the energy is the microstate (000),
with all spins si = 0. For D = 2, one has a first-order
phase transition with all those five phases coexisting.
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The first proposal to study the BW model with in-
teraction anisotropy was made by Kinzel et al.[1], ana-
lyzing the correlation length behavior, the authors con-
cluded that a continuous transition only occurs for the
pure case, s = 1/2 and for any other crystal field value,
there is a discontinuous transition. The BW model with
crystal field anisotropy was studied by Costa[2] using
the renormalization group, conventional finite-size scal-
ing, and conformal invariance technique. The existence of
a pentacritical point was conjectured at Dc = 1.3089 and
Tc = 1.2225. Recently, Dias et al.[3] by applying finite-
size scaling and conformal invariance, analyzed both the
spin-1 and spin-3/2 cases. For the latter, they extended
the size of the strips that are used in reference[2] and
found Dc = 0.890254 and Tc = 1.1690. A phase diagram
similar to the BC model was obtained for both cases.
The case with D = 0 was studied using entropic simu-
lations, resulting in the observation that the BW model
presents a mixture of phase transitions[10], related to a
tetracritical point. That was settled after the analysis
of the energy probability, the configurations in the criti-
cal region, and by separating the density of states in two
parts, sorting out the ferromagnetic and ferrimagnetic ar-
rangements. Besides, this previous study analyzed how
the choice of lattice sizes affects the results on the ther-
modynamic limit for the critical exponents and critical
temperature, and it is clear now that choosing multiple
of three lattice sizes or not is equivalent.
Entropic simulations[11–14] are excellent to study
phase transitions and critical phenomena. The results
obtained by this technique have revealed important char-
acteristics regarding different models[10, 15–17]. The es-
timation of the joint density of states[14, 17, 18] brings a
range of additional information, besides making it possi-
2ble to obtain thermodynamic properties for any temper-
ature and coupling constants, allowing the construction
of the phase diagram.
In the present work, we completely characterize the
phase diagram and determine the position of the multi-
critical point by studying the model using the joint den-
sity of states. We also analyze the possibility that the
line, said to be of second-order, might be a line of co-
existence of four configurations ending in a pentacritical
point. Finally, we perform a study of the specific heat
in the region of the first-order transition to understand
what causes this transition.
This work is organized as follows: in the next section,
we describe the computational details. In section III, we
present the results and the phase diagram, and we still
report an anomaly that we found out in the specific heat.
The last section comprises the conclusions and some fur-
ther remarks.
II. ENTROPIC SAMPLING SIMULATIONS
WITH THE JOINT DENSITY OF STATES
The study of the effects of spin anisotropy in a mag-
netic system has arisen interest in many situations[19–
21]. An appropriate approach to tackle these problems is
to construct a joint density of states[22], with a second
parameter that characterizes the model. To investigate
dimers, some authors have used a joint density of states
with three-variables dependence[23], g(N3, U,N), where
N3 is the number of the energetic dimers, U is the energy
between interacting dimers, and N is the total number
of dimers.
In the present case, entropic simulations with a joint
density of states can be performed by defining
E1 =
∑
〈i,j,k〉
sisjsk, (2)
and
E2 =
∑
i
s2i . (3)
Hence the total energy assumes the form E = −JE1 +
DE2. The probability of flipping from a configuration
with (E1, E2), to a new one, with (E
′
1, E
′
2), is given by
p[(E1, E2)→ (E′1, E′2)] = min
(
g(E1, E2)
g(E′1, E
′
2)
, 1
)
. (4)
After each Monte Carlo step (MCS), the joint den-
sity of states and the histogram are updated as
ln g(E1, E2) → ln g(E1, E2) + ln f , where f is the mod-
ification factor, initially set as f0 = e = 2.71828... and
H(E1, E2) → H(E1, E2) + 1, respectively[12]. It is im-
portant to mention that each MCS consists of flipping
L2 spins, whether the attempt is accepted or not. This
procedure continues until the histogram reaches its flat-
ness – i.e., each term of the histogram is at least 80%
of its average over all the possible values of E1 and E2.
Then the modification factor is updated to fi+1 =
√
fi
and the histogram is reset. Furthermore, to halt the sim-
ulations, we use the parameter ǫ = |Tc(t) − Tc(0)|[13].
To calculate ǫ, we use the following procedure: begin-
ning from the modification factor f13, when the flatness
criterion is satisfied, the temperature of the peak of the
specific heat Tc(0) is calculated, using the current den-
sity of states at the end of eachWang-Landau (WL) level,
and whenever the flatness of the histogram is verified, its
value is updated. If ǫ remains less than 10−4 and the his-
togram satisfies the flatness condition for the same level
of WL, then the microcanonical averages and the den-
sity of states are saved and the simulation is finished.
For all lattice sizes, simulations started from a single run
until the Wang-Landau level f6, since up to that point
the current density of states is not yet biased and can
proceed to any final result. This procedure saves about
60% of CPU time, in comparison with the case of start-
ing from the first Wang-Landau level. Ref. 16 applied
this approach with great success.
According to the canonical ensemble, the partition
function can be written as
Z(T,D) =
∑
E1,E2
g(E1, E2)e
(JE1−DE2)/kBT , (5)
where g(E1, E2) is the joint density of states. So, for
each lattice size, we set up g(E1, E2) in order to obtain
the thermodynamic quantities for any temperature and
any value of the crystal field D.
Since the function g(E1, E2) does not depend on tem-
perature or the crystal field, we can calculate any thermo-
dynamic quantity without performing a new simulation
run.
The canonical averages of any thermodynamic quan-
tity A can be calculated as
〈A〉T,D =
∑
E1,E2
〈A〉E1,E2P (E1, E2, J,D)∑
E1,E2
P (E1, E2, J,D)
, (6)
where 〈A〉E1,E2 is the microcanonical average accumu-
lated during each simulation run and
P (E1, E2, J,D) = g(E1, E2)e
(JE1−DE2)/kBT , (7)
is the canonical distribution.
Performing entropic simulations with a joint density
of states requires huge computational effort, so we con-
sidered here only small lattice sizes, yielding excellent re-
sults even though. Ref. 24 demonstrated that when using
the order parameter as the total magnetization, one can
consider systems with non-multiple of three lattice sizes
without loss of generality of the model [10]. Thus we ran
simulations for L = 8, 10, 14, and 16 with n = 24, 20,
20, and 16 independent runs, respectively.
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FIG. 1. Magnetic susceptibility for D = 1.100, for all lattice
sizes simulated. The temperature of the peak for each curve
falls close to a common value.
III. PHASE DIAGRAM
A. Determination of the pentacritical point
In this work, we determine the critical line of the D×T
phase diagram using the maximum of the magnetic sus-
ceptibility for the largest lattice size taken in our simu-
lations, since, as Fig.1 shows, all maxima are very close
to each other, around the same temperature, thereby a
finite-size scaling behavior is not visible to the eyes. In
fact, finite-size scaling effects for the critical tempera-
ture are very subtle when one uses lattice sizes that are
not multiples of three[10, 16, 24]. Thus, the difference
between the critical temperature at the thermodynamic
limit and those obtained for the finite sizes is small, mak-
ing the critical line observed in the diagram very close to
that expected for an infinite system. Hence, for each D
value there is a temperature Tc that corresponds to the
maximum of the magnetic susceptibility.
The zero crystal field case, D = 0, was addressed in
references 25 and 10. In the first work, the authors per-
formed MC simulations using the Metropolis algorithm
and found a critical temperature of Tc = 1.6607(3) for
a continuous transition. In the second one, the authors
carried out an entropic sampling approach and demon-
strated that the system displays duplicity in phase tran-
sitions, since the scaling laws for continuous and dis-
continuous transitions are equally applicable, and re-
sulted in practically the same temperature value Tc =
1.660549(51) and T = 1.660577(17), respectively. The
coexistence of continuous and discontinuous phase tran-
sitions was discovered by simultaneously generating two
densities of states for the ferromagnetic and ferrimagnetic
states, which showed the different behaviors of each phase
transition. For the ferromagnetic state, there is a discon-
tinuous transition exhibiting a double peak in the energy
probability distribution P(E), two inflection points in the
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FIG. 2. Energy probability distribution as a function of
(E1 + E2)/L
2 for different values of D, for L = 16. The
temperatures where the two peaks occur are shown at the
right side of the graph.
inverse of the microcanonical temperature β = dS/dE,
and a discontinuity in the order parameter around the
transition temperature. For the ferrimagnetic ones, a
continuous transition, with only one peak in P(E), only
one inflection point in β, and the order parameter with
a typical second-order transition behavior. The analysis
of the spin configurations showed the coexistence of fer-
romagnetic, ferrimagnetic, and paramagnetic clusters in
different configurations, revealing a tetracritical behav-
ior.
To find out if the same behavior persists for D 6= 0, we
analyze the energy probability distribution for other val-
ues of the crystal field, shown in Fig 2. The temperatures
at which the two peaks have the same height are shown
on the right. The first curve represents the energy prob-
ability for D = −2.0, where we see two peaks. However,
this double peak characteristic can be a finite-size effect
and, a more detailed study in this region is still miss-
ing. For positive values of the field, the finite-size effect
will not remove the two peaks, since we have for the case
D = 0.0 the presence of these two peaks at the thermo-
dynamic limit [10] and one can see that the greater the
crystal field, the larger the separation between the two
peaks. Therefore, we might conclude that the second-
order critical line is a line of tetracritical points.
To determine the critical crystal field, we have used
the technique described in 26, where it is calculated from
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FIG. 3. Size dependence of the locations of crystal field func-
tion at the extrema in the specific heat for lattice sizes L = 8,
10, 14, and 16. The inset shows behavior of the maximum
height of the specific heat while increasing the crystal field.
Its maximum value is achieved at the transition to the para-
magnetic phase.
behavior the specific heat maximum, Cvmax(D). The evo-
lution of the specific heat maximum versus D results in a
peak, which is associated to the beginning of a first order
phase transition. This behavior is presented in the inset
of Fig 3. The critical crystal field is obtained from the
scaling law[21]
Dc(L) = D
∞
c + bL
−d. (8)
Figure 3 shows the best fit for d = 2, which gives Dc =
1.68288(62) at the thermodynamic limit.
At the pentacritical point, it is expected that the max-
ima of the specific heat and the susceptibility scale with
the dimensionality[27, 28], e.g.,
Tc(L) = T
∞
c + a2L
−d, (9)
where T∞c is the critical temperature at the thermody-
namic limit and a2 is a quantity-dependent constant, en-
abling the determination of Tc by extrapolating L → ∞
(L−d = 0) from the linear fitting given by the tempera-
ture of the maxima of the specific heat and the suscepti-
bility.
Figure 4 shows the linear fitting of the temperature
of the maxima of specific heat and susceptibility against
L−2, for the critical crystal field, which converges to Tc
when L−2 → 0. The value for the temperature of the
pentacritical point was Tc = 0.98030(10). We reinforce
that the critical temperature variation is in the fourth
decimal place, as predicted by the susceptibility curves.
In the inset we present the cumulants of the magneti-
zation for the simulated lattice sizes. The crossing of
the cumulants takes place in a region very close to that
estimated for the pentacritical point.
In Fig. 5, we show the phase diagram. The continuous
line represents the tetracritical points that separate the
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FIG. 4. Temperature of the maxima of specific heat and sus-
ceptibility versus L−2. The error bars are smaller than sym-
bols. The inset shows the cumulant of the magnetization for
the simulated lattice sizes. The crossing of the cumulants
takes place in a region very close to that estimated for the
pentacritical point.
Dc Tc
Costa[2] 1.3089 1.2225
Dias[3] 0.890254 1.1690
Our results 1.68288(62) 0.98030(10)
TABLE I. Comparison of our results for the pentacritical
point to those obtained by Costa[2] and Dias[3].
ferro-ferri phases from disorder. The dashed line repre-
sents the points of coexistence of the five phases: the four
fundamental states and the (0 0 0). The point D = 2 is
a fivefold one, where the five states are equally probable.
For D > 2 only the state with spins si = 0 remains, since
it corresponds to the minimum of the free energy. The
location of the pentacritical point is described in Table
I, together with some results from previous works, for
comparison. We have obtained Dc = 1.68288(62) and
Tc = 0.98030(10).
The discrepancy among the results obtained by dif-
ferent methods is because the continuous phase transi-
tion line is, in fact, a line of tetracritical points, where
we have the presence of two types of phase transitions,
namely, continuous and discontinuous. Therefore, it is
acceptable that the previous results have found only one
of these points, and not at the pentacritical point. This
is also true due to computational difficulties since small
strips in the renormalization group technique were used,
which leaves the results far from those obtained for the
thermodynamic limit. The authors mentioned that re-
garding the first-order transition line, one can still argue
that there is not enough data (because they had to in-
crease the width of the strips by 3 to accommodate all
three different sublattices) to support its characteristic
[3]. This new interpretation of the line of continuous
5FIG. 5. Phase diagram for the Baxter-Wu spin-1 model with
crystal field anisotropy in the D versus T plane. The penta-
critical point separates the first order phase transition region
and criticality.
transitions has been complemented previous works and
allows authors to review their results. To the best of our
knowledge, this duality of the BW model was unknown
until now.
B. Anomaly of the specific heat for large crystal
field in the first order region
By analyzing the specific heat, we detected a un-
usual behavior for large values of the crystal field, above
D = 1.900. An anomaly appears besides its maximum,
and it does not seem to scale with the size of the system.
Above this field value, a small peak in specific heat ap-
pears around T = 0.80, but it becomes more evident as
the value of the crystal field increases (in fact, this sec-
ond peak does not increase, but the first peak decreases
as one approaches D = 2).
In Figs. 6a and 6b, the anomaly in Cv and the density
of spins are shown forD = 1.990. Figures 7a and 7b show
the anomaly in Cv and the density of spins forD = 1.997.
It is possible to notice that the second peak does not
scale with the lattice size and that the maximum of the
second peak always falls around T = 0.80. To understand
which transition is occurring for each peak in the specific
heat, we analyzed the density of spins ±1 present in the
lattice. It starts in 1 and drops drastically around the
pseudo-critical temperature, filling less than 10% of the
lattice sites at the first maximum in specific heat. The
density of non-magnetic spins, n0 = 1 − n±1, goes in
the opposite direction, drastically increasing in the region
close to the pseudo-critical temperature. In fact, this
increase in the number of spins 0 after the pseudo-critical
temperature manifests itself in a very moderate way for
values of D > 1, and gradually increases while increasing
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FIG. 6. (a) Double peak structure observed for specific heat
at D = 1.990. The peak on the left is due to the first order
phase transition, and on the right is the anomalous peak. (b)
Density of spins other than zero at D = 1.990. It starts at
one, and falls dramatically around T = 0.45.
the crystal field.
This anomaly of the specific heat can be related to
the presence of vacancies, or the Schottky defect, in a
crystalline lattice [29, 30], if the non-magnetic spins are
interpreted as vacancies. The peak that presents finite-
size effects, in general, is related to the order-disorder
transition of the system. However, it can be seen in Figs.
6b and 7b, that after the transition, the number of spins
±1 increases again, which originates the second peak and
does not have a scaling behavior. It is expected that at
T → ∞, the number of non-magnetic spins goes to 1/3
while the number of ±1 spins goes to 2/3. It can also
be noted that the crossing of the ±1 spin number curves
occurs at approximately the critical temperature.
A previous work with the Blume-Capel model[22], us-
ing the Wang-Landau method, presented similar results.
However, the authors found the same effect only for
lattice sizes greater than L = 16 and for crystal field
D > 1.990, whereas here, even for the smallest simulated
lattice size (L = 8) the anomaly is already visible and for
a smaller value of the crystal field D > 1.950.
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FIG. 7. (a) Double peak structure observed for specific heat
at D = 1.997. The peak on the left is due to the first order
phase transition, and on the right is the anomalous peak.
(b) Density of spins other than zero and equal to zero at
D = 1.997. It starts at one and fall dramatically around
T = 0.40.
IV. CONCLUSIONS
In this work, we have constructed the temperature-
crystal field phase diagram of the Baxter-Wu model us-
ing entropic sampling simulations. The simulations were
performed with a joint density of states, g(E1, E2), so
that with just one simulation run one calculates ther-
modynamic quantities for any temperature and crystal
field values. To determine the point at which we have
only discontinuous transitions, we observe the evolution
of the maximum of the specific heat as a function of the
crystal field. A peak is expected to appear for a cer-
tain value of the crystal field, from which the region of
discontinuous transitions begins. This point was esti-
mated asDpc = 1.68288(62). The corresponding temper-
ature at this point was determined as Tpc = 0.98030(10).
These values are quite different from those found in[2]
Dc = 1.3089 and Tc = 1.2225, and[3], Dc = 0.890254
and Tc = 1.1690. Finally, we also have observed a second
peak in specific heat for crystal field values larger than
1.900. This second peak does not scale with the size of
the system, and appears to be due to the abrupt increase
in the number of non-magnetic spins si = 0, which can
be associated with the Schottky defect in a crystalline
lattice.
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